We discuss the GIT moduli of semistable pairs consisting of a cubic curve and a line on the projective plane. We study in some detail this moduli and compare it with another moduli suggested by Alexeev. It is the moduli of pairs (with no specified semi-abelian action) consisting of a cubic curve with at worst nodal singularities and a line which does not pass through singular points of the cubic curve. Meanwhile, we make a comparison between Nakamura's compactification of the moduli of level three elliptic curves and these two moduli spaces.
Introduction
Let P 2 be the projective plane over an algebraically closed field k of characteristic not equal to 2 and 3. Let M be the set of pairs consisting of a cubic curve and a line on P 2 . The action of PGL(3) on P 2 induces an action of PGL(3) on M . Let M ss be the set of semistable points of M under this action. Then there exists a good categorical quotient of M ss by PGL(3), which we denote by P 1,3 . On the other hand, there exists another complete moduli BP 1,3 suggested by [Al02] . It is the moduli of pairs (C, L) (with no specified semi-abelian action) such that C is a reduced plane cubic curve with at worst nodal singularities and L is a line which does not pass through singularities of C. We will construct this moduli by using the theory of . There is also the moduli SQ 1,3 (≃ P 1 ) of Hesse cubic curves defined in [Na99] , which is well-known classically as the modular curve X(3) of level three.
The purpose of this paper is to study in some detail the GIT moduli P 1,3 following the method of . By using the numerical criterion due to Hilbert and Mumford, we can classify unstable, semistable and stable pairs completely (see Proposition 2.5 and Table 1 ). Moreover by constructing suitable semistable limits, we give nontrivial identifications of semistable pairs in P 1,3 (see Proposition 2.10). It is clear that P 1,3 and BP 1,3 have a common open subset U 1,3 consisting of pairs (C, L) such that C is a smooth cubic curve and L is a line intersecting transversally. This enables us to compare P 1,3 with BP 1,3 as follows (see Theorem 4.2):
Theorem. There exists a birational map f : P 1,3 → BP 1,3 such that 2010 Mathematics Subject Classification: 14H10, 14K10. key words and phrases: Moduli, Stability, Cubic curves
• the base locus of f is isomorphic to P 1 , which is the set of all semistable pairs (C, L) consisting of a cuspidal curve C and a line L intersecting transversally at smooth points of C, and
• the base locus of the birational inverse f −1 of f is isomorphic to P 1 , which is the set of all pairs (C, L) consisting of a smooth cubic or irreducible nodal cubic curve C and a triple tangent L at a smooth point of C.
Since SQ 1,3 is the moduli of Hesse cubics, we can define rational maps forgetting the level structure:
ϕ : SQ 1,3 × P 2 −→ BP 1,3 , ψ : SQ 1,3 × P 2 −→ P 1,3 ,
where P 2 means the space of lines on P 2 . They are same branched coverings of degree 216 on the common open subset U 1,3 . This enables us to compare P 1,3 and BP 1,3 with SQ 1,3 × P 2 as we see Proposition 5.3. This paper is organized as follows. In Section 2, we study the GIT moduli P 1,3 . Especially we classify unstable, semistable and stable pairs, respectively, and we give nontrivial identifications of semistable pairs in P 1,3 . In Section 3, we define the moduli BP 1,3 by using the Keel-Mori theorem. In Section 4, we construct a birational map f : P 1,3 → BP 1,3 and discuss its properties. In Section 5, we make a comparison P 1,3 and BP 1,3 with SQ 1,3 × P 2 .
2 The GIT moduli P 1,3
We first give the definition of the moduli P 1,3 . We use mainly definitions and properties in , [Ne78] and [Do03] . Let k be an algebraically closed field of characteristic not equal to 2 and 3. Let V be the dual space of the space of homogeneous polynomials of degree one on the projective plane P 2 = Proj(k[x 0 , x 1 , x 2 ]), that is, V ∨ = k[x 0 , x 1 , x 2 ] 1 . Each F ∈ (S 3 V ) ∨ = S 3 V ∨ = k[x 0 , x 1 , x 2 ] 3 (resp. V ∨ ) corresponds to the cubic curve (resp. line) V (F ), where V (F ) is the zero set of F in P 2 . Then we can regard P(S 3 V ) = Proj(Sym(S 3 V )) (resp. P(V ) = Proj(Sym(V ))) as the space of cubic curves (resp. lines). Hence the set of pairs consisting of a cubic curve and a line on P 2 is isomorphic to P(S 3 V ) × P(V ). SL(3) acts on S 3 V ∨ (resp. V ∨ ) by g · F (x) = F (g −1 · x) for all F ∈ S 3 V ∨ (resp. V ∨ ). We have the natural morphism q : SL(3) → PGL(3) which is surjective with a finite kernel. For any g ∈ PGL(3), letg ∈ SL(3) be a matrix such that q(g) = g, and we put g · V (F ) := V (g · F ) for all F ∈ S 3 V Definition 2.1. An one parameter subgroup of PGL(3) is a nontrivial homomorphism of algebraic groups λ : G m → PGL(3), and it is normalized if
for some r i ∈ Z with r 0 ≥ r 1 ≥ r 2 and r 0 + r 1 + r 2 = 0. In what follows, in this paper, we denote by 1-PS the one parameter subgroup of PGL (3).
To analyze stability we use normalized 1-PS's. Let
Then the image of
where
The action of PGL(3) on P(S 3 V )×P(V ) is extended to an action on P(S 3 V ⊗V ). For any normalized 1-PS λ, we have
By Theorem 2.1 in [Mu-Fo-Ki94], we have the following criterion:
Theorem 2.2. For any z ∈ P(S 3 V ) × P(V ), z is semistable (resp. stable) if and only if µ(g · z, λ) ≥ 0 (resp. > 0) for any normalized 1-PS λ and any g ∈ PGL(3). Note that z is called unstable if z is not semistable.
To calculate µ(z, λ) we study relations between 30 integer numbers R ijk . By simple calculations, we obtain following Lemma: Lemma 2.3. For any r i ∈ Z with r 0 ≥ r 1 ≥ r 2 and r 0 + r 1 + r 2 = 0, we have that
Unstable pairs
We classify all pairs z = (C, L) with µ(z, λ) < 0 for some normalized 1-PS λ, where C = V (F ), L = V (S), and F and S are given by (1). By Theorem 2.2, we know that any unstable pair is equivalent to one of such pairs under the action of PGL(3). Let
Lemma 2.4. Assume µ(z, λ) < 0 for some normalized 1-PS λ. Then Proposition 2.5. The pair (C, L) is unstable if and only if one of the following is true:
Proof. We first prove the only if part. Let z = (C, L) be unstable. Then we have µ(z, λ) < 0 for some normalized 1-PS λ. Hence (1), (2) or (3) in Lemma 2.4 is true. When (1) is true, we may assume that a 01 = 0, since if a 01 = 0 then we obtain the case (2). If a 20 = 0, then by Lemma 2.3, 0 > µ(z, λ) = max{R 012 , R 202 } = max{−2r 1 , r 1 }, which is absurd. This shows a 20 = 0. Hence we obtain C : x 2 (a 21 x 2 1 + a 12 x 1 x 2 + a 03 x 2 3 + a 11 x 0 x 1 + a 02 x 0 x 2 + a 01 x 2 0 ) + a 30 x 3 1 = 0 and L : x 2 = 0. If a 30 = 0, then L is a triple tangent to C at (1 : 0 : 0), and if a 30 = 0, then L is contained in C.
When (2) is true, L : b 1 x 1 +b 2 x 2 = 0 passes through a double point (1 : 0 : 0) of C :
When (3) is true, we may assume that b 0 = 0, since if b 0 = 0 then we obtain the case (2). If a 02 = 0, then C : F 3 = 0. Hence C has a triple point (1 : 0 : 0). Let a 02 = 0. If a 30 or a 21 = 0, then by Lemma 2.3, 0 > µ(z, λ) ≥ max{R 020 , R 210 } = max{−2r 1 , r 1 }, which is absurd. Hence a 30 = a 21 = 0. Thus C : x 2 2 (a 02 x 0 + a 12 x 1 + a 03 x 2 ) = 0 with a 02 = 0, and hence C is nonreduced.
Next we prove the if part. When (i) or (ii) is true, there exists some g ∈ PGL(3) such that g · L : x 2 = 0 and g · C : x 2 A + a 30 x 3 1 = 0 for some quadratic A. In particular, b 0 = b 1 = 0, b 2 = 0 and a 00 = a 10 = a 20 = 0. Then by Lemma 2.3, we obtain µ(g · z, λ) ≤ max{R 012 , R 302 } = max{−2r 1 , 2r 1 − r 0 } = −1 for r = (3, 1, −4). Hence z = (C, L) is unstable by Theorem 2.2.
When (iii) is true, there exists some g ∈ PGL(3) such that g · L : x 2 = 0 and g · C : x 0 F 2 + F 3 = 0. In particular, a 00 = a 10 = a 01 = 0 and b 0 = b 1 = 0. Then by Lemma 2.3, we obtain µ(g · z, λ) ≤ R 202 = r 0 + 2r 1 + r 2 = r 1 = −1 for r = (2, −1, −1), and hence z = (C, L) is unstable by Theorem 2.2.
When (iv) is true, there exists some g ∈ PGL(3) such that g · C : F 3 = 0. In particular, F 0 = F 1 = F 2 = 0. Then by Lemma 2.3, we obtain µ(g · z, λ) ≤ R 300 = 3r 1 + r 0 = −1 for r = (2, −1, −1), and hence z = (C, L) is unstable by Theorem 2.2.
When (v) is true, there exists some g ∈ PGL(3) such that g · C : x 2 2 (a 02 x 0 + a 12 x 1 + a 03 x 2 ) = 0. In particular, a 00 = a 10 = a 01 = a 20 = a 11 = a 30 = a 21 = 0. Then by Lemma 2.3, we obtain µ(g·z, λ) ≤ R 012 = −2r 1 = −2 for r = (1, 1, −2), and hence z = (C, L) is unstable by Theorem 2.2.
Semistable and stable pairs
From Proposition 2.5, we obtain Proposition 2.6. The pair (C, L) is semistable if and only if any of the following is true:
(i) C is reduced and does not have a triple point,
(iii) L does not pass through any double point of C, (iv) L is not a triple tangent to C.
Next we classify stable pairs. For it, we classify semistable pairs z = (C, L) with µ(z, λ) = 0 for some nontrivial normalized 1-PS λ. In this case, z is semistable but not stable by Theorem 2.2. Definition 2.7. We say that L is 2-tangent to C if L is tangent to an irreducible cubic C, but not triply tangent, at a smooth point of C, and L is 3-tangent to C if L is triply tangent to C. Proposition 2.8. Let (C, L) be semistable. Then (C, L) is not stable if and only if one of the following is true:
Proof. We first prove the only if part. Let z = (C, L) be semistable but not stable. Then we have µ(z, λ) = 0 for some nontrivial normalized 1-PS λ. Since R 102 = r 0 > 0, by same arguments as the proof of Lemma 2.4, we obtain (1), (2) or (3) in Lemma 2.4. However, in the case (2), L passes through a double point of C. Hence (C, L) is unstable, which is absurd. Thus (1) or (3) In the case (ii), there exists some g ∈ PGL(3) such that g · L : x 0 = 0 and g · C = Q + L ′ , where Q : x 2 (a 02 x 0 + a 12 x 1 + a 03 x 2 ) + a 21 x 2 1 = 0 and L ′ : x 2 = 0. Since Q is irreducible, we have a 02 a 21 = 0. In particular, a 00 = a 10 = a 01 = a 20 = a 11 = a 30 = 0 and a 21 a 02 b 0 = 0. Then by Lemma 2.3, we obtain µ(g · z, λ) = max{R 020 , R 210 } = max{−2r 1 , r 1 } = 0 for r = (1, 0, −1), and hence z is not stable by Theorem 2.2.
By Proposition 2.8, we obtain the complete classification of semistable and stable pairs, which is given in Table 1 below. We denote by S k ⊂ P(S 3 V )×P(V ) the locus of semistable pairs in the column k in Table 1 .
Nontrivial identifications of semistable pairs in P 1,3
We give nontrivial identifications of semistable pairs in the GIT moduli
Lemma 2.9. We define semistable pairs z i ∈ S i (i = 3, 5, 6, 7, 11) as follows: 
Then we have
Proof. Let (C, L) be any semistable pair in S i (i ∈ {3, 5, 6, 7, 11}).
. We write
Since
) is a double point, we have a 2 10 = 4a 20 a 00 . If a 20 = 0, then a 10 = 0, and hence g 1 · C has a double point (0 : 1 : 0). Then g 1 · L passes through this point, which is absurd. Thus we get a 20 = 0. Then there exists some
where g = g 3 g 2 g 1 and g 3 = Diag(a 01 , 1, 1) ∈ PGL(3). If a 11 = 0, then g·(C, L) = z 7 , and if a 11 = 0, then g 4 g · (C, L) = z 5 , where g 4 = Diag(1/a 11 , 1, a 11 ).
When i = 6 (resp. i = 7), by similar arguments as above, we obtain
Since g 1 · L does not passes through the cusp point (0 : 0 : 1) of g 1 · C, we may assume
Proposition 2.10. φ(S 3 ), φ(S 5 ), φ(S 6 ), φ(S 7 ) and φ(S 11 ) are single points in P 1,3 and φ(S 5 ) = φ(S 6 ) = φ(S 7 ) = φ(S 11 ).
Proof. By Lemma 2.9, φ(S 3 ), φ(S 7 ) and φ(S 11 ) are single points clearly. We prove φ(S i ) = φ(S 7 ) (i = 5, 6, 11). For it, by Lemma 2.9, we have to show φ(z i ) = φ(z 7 ) for each i = 5, 6, 11, respectively. It is equivalent to
by Theorem 3.14, (iii) in [Ne78] . For any a ∈ k × , let g a = Diag(a, 1, 1/a) ∈ PGL(3) and h a = Diag(1, 1/a, 1/a 2 ) ∈ PGL(3). Then we have
Hence lim
h a · z 11 = z 7 , and hence we obtain (2) for each i = 5, 6, 11, respectively.
Lemma 2.11. We define
, which is covered with two affine subsets
where b 3 is identified with 1/c 2 .
Proof. For any stable pair (C, L) ∈ S 10 , there exists g ∈ PGL(3) such that
Since any linear automorphism of g · C keeping the cusp stable is of the form
Thus φ(S 10 ) is isomorphic to the weighted homogeneous space P(2, 3) minus a single point defined by the discriminant D = 4b 3 1 − 27b 2 2 = 0. This point corresponds to φ(S 11 ). In fact, if 4b
Thus we obtain W Cusp = φ(S 10 )∪φ(S 11 ) ≃ P(2, 3) ≃ P 1 , which is covered with U Cusp 1
and U Cusp 2 defined as above.
3 The moduli space BP 1,3
This section is mainly due to contributions by Iku Nakamura. We give the definition of the moduli space BP 1,3 . Its existence is suggested by [Al02] . It is the moduli space of pairs (C, L) (with no specified semi-abelian action) consisting of a reduced cubic curve C with at worst nodal singularities and a line L which does not pass through singularities of C. We construct this moduli as follows: Let W be an open subscheme of P(S 3 V ) × P(V ) consisting of such pairs. Then W is invariant under the action of PGL(3) on P(S 3 V ) × P(V ) defined in Section 2. By the Keel-Mori theorem (Corollary 1.2 in [Ke-Mo97]), the quotient W/PGL(3) exists as a separated algebraic space over k, if the action of PGL (3) is proper and the stabilizer of any pair in W is finite. Thus the following Lemma proves that the quotient W/PGL(3) exists as a separated algebraic space, which we denote by BP 1,3 .
Lemma 3.1. Let G = PGL(3).
(1) The action of G is proper, in other words, the morphism π :
3.1 Proof of (1) in Lemma 3.1
We prove (1) in Steps 1-3.
Step 1. We prove the following lemma.
Lemma 3.2. Let W be an algebraic variety of finite type over k, G be an algebraic group variety over k acting on W , and H be a complete variety over k which contains G as a Zariski open dense subset. Let π :
, ∆ be the graph of π, and ∆ be the closure of ∆ in H × k W × k W × k W with reduced structure. Then π is proper if and only if ∆ = ∆.
Proof. Let
be the projection to the (1, 2) (resp. (3, 4))-component. First we prove the only if part. Assume that π is proper and ∆ = ∆. Let x ∈ ∆(k) \ ∆(k). Since ∆ is dense in ∆, we can choose a CDVR (complete discrete valuation ring) R and a morphism α : Spec R → ∆ such that
where k(0) is the residue field of R and K is the fraction field of R. Let f := p 3,4 • α and h := p 1,2 • α. Since α(Spec K) ⊂ ∆, we have
Since π is proper, by the valuative criterion of properness , II, (7.3.8)), there exists a morphism φ : Spec R → G× k W such that φ K = h K and π•φ = f . It follows h = φ, so h(Spec R) = φ(Spec R) ⊂ G× k W and π •h = f . This shows α(Spec R) ⊂ ∆. This contradicts α(Spec k(0)) = x ∈ ∆(k). Hence ∆ = ∆.
Next we prove the if part. Let R be any DVR (discrete valuation ring), any morphism f : Spec R → W × k W and any morphism h :
It follows (g, y, x, y) ∈ ∆(R) = ∆(R) by the assumption. Henceg ∈ G(R) andg · y = x, and hence φ := (g, y) ∈ (G × k W )(R) satisfies φ K = h and π • φ = f . Therefore by the valuative criterion of properness, π is proper.
Step 2. Let W 0 be the subset of (C, L) ∈ W such that C is smooth. Then W 0 is invariant under the action of G, and hence we can define a morphism
Then it is an open dense subset of ∆, hence of ∆.
Proof. Let p i be the i-th projection of W × k W . Let (C, L) be the universal pair of cubics and lines over W . Let S = Spec R, and we define
Then the family of cubic curves p : X → S (resp. q : Y → S) is proper flat over S with an effective divisor C (resp. D) of degree three flat over S. Note that
In particular, we have an isomorphism as pairs of K-schemes:
To prove the existence of φ, it suffices to show that there exists an isomor-
In the following, we construct such isomorphism γ.
is a family of smooth cubic curves over Spec K, hence so is Y K . Therefore by the minimal models theorem (see [Li68] or [Sh66] ), there exists the minimal proper regular model
is obtained by resolving the singularities of X (resp. Y ). Let ν : X ♯ → X (resp. µ : Y ♯ → Y ) be the minimal resolution. By the uniqueness of minimal models, the isomorphism γ ′ extends to an isomorphism
♯ is an isomorphism of pairs
Recall that the singularities of X (resp. Y ) are not contained in C (resp. D).
Hence we obtain C ♯ ≃ C and D ♯ ≃ D. Moreover C (resp. D) is relatively very ample on X (resp. Y ). Therefore the contraction ν :
and a commutative diagram
Step 3. We shall prove that π is proper. Suppose that π is not proper. By Lemma 3.2, there exists a point x ∈ ∆(k) \ ∆(k). Since ∆ 0 is open dense in ∆, we can choose a CDVR R and a morphism α : Spec R → ∆ such that α(Spec k(0)) = x and α(Spec K) ⊂ ∆ 0 .
Let f := p 3,4 • α and h :
as we saw in the proof of only if part of Lemma 3.2. It follows that π is proper. (2) where ζ 3 is a primitive third root of unity. When (iii), since L does not pass through singularities of C, we may assume that (C, L) = (V (x 0 x 1 x 2 ), V (x 0 + x 1 + x 2 )). Hence Stab G (C, L) is permutations of coordinates x 0 , x 1 and x 2 . When (iv), since L does not pass through singularities of C, we may assume that (C, L) = (V (x 2 (x 2 2 + x 0 x 1 )), V (x 0 + x 1 + ax 2 )) for some a ∈ k. Then Stab G (C) is generated by g 1 (α) (α ∈ k × ) and g 2 . Hence if a = 0, then Stab G (C, L) is generated by g 2 , and if a = 0, then Stab G (C, L) is generated by g 1 (−1) and g 2 .
Proof of
In any case, Stab G (C, L) is finite.
4 A comparison of P 1,3 with BP 1,3
We give a birational map from P 1,3 to BP 1,3 . Let W T ⊂ BP 1,3 be the subset of pairs (C, L) consisting of a cubic curve C and a line L which is 3-tangent to C, and let W ) be the subset (C, L) ∈ W T such that C is smooth (resp. nodal). We show that W T is isomorphic to P 1 as follows: We
, where G 216 is the Hesse group and
(µ 3 −1) 3 . On the other hand, since µ = 1, in BP 1,3 we have
and hence lim
is the subset of semistable pairs (C, L) consisting of a cuspidal cubic C and a line L intersecting at smooth points of C, which is not 3-tangent to C. By Lemma 2.11, W Cusp is isomorphic to P 1 . We denote by Y (resp. Z) the open dense subset P 1,3 \ W Cusp (resp. BP 1,3 \ W T ). Then the identity map f : Y → Z, (C, L) → (C, L) defines a rational map f : P 1,3 → BP 1,3 and the inverse map f −1 : Z → Y defines the inverse rational map of f . Hence f : P 1,3 → BP 1,3 is a birational map, and the base loci of f , f −1 are W Cusp , W T , respectively. Let G(f ) be the graph of f : Y → Z:
Lemma 4.1. Let Γ := W Cusp × k W T ≃ P 1 × k P 1 and p i be the i-th projection of Γ. Then for any x ∈ Γ, there exists a semistable pair
Proof. For any x ∈ Γ, we have p 1 (x) ∈ W Cusp and p 2 (x) ∈ W T . Let p 1 (x) = (C, L) and p 2 (x) = (C ′ , L ′ ). Since C is a cuspidal curve, L does not pass through the cusp point of C, and L is not 3-tangent to C, we may assume that
with (b 1 , b 2 ) = (0, 0). Since C ′ is a smooth or nodal curve, and L ′ is a 3-tangent at a smooth point of C ′ , we may assume that
If a 02 = 0, then C ′ has a singular point (0 : 0 : 1) and L ′ passes through this point, which is absurd. Hence a 02 = 0. We may assume that a 02 = 1. Thus C ′ has a Weierstrass form. Since characteristic of k is not equal to 2 and 3, we may assume that (C ′ , L ′ ) has the above form (3). For t = 0, we define a pair (C t , L t ) as follows:
Let g = Diag (1, 1/t 2 , 1/t 3 ) ∈ PGL(3). Then we obtain
Therefore we have lim
Theorem 4.2. Let p i be the i-th projection of P 1,3 × k BP 1,3 . Then f : P 1,3 → BP 1,3 is a birational map and
On the other hand, by Lemma 4.1, Γ ⊂ G(f ) \ G(f ). Hence it suffices to show that
We denote by ι (resp. ι † ) the canonical inclusion from Γ (resp. Γ † ) to , 2) . By the definition of the fibered product P 1,3 × BP 1,3 , such morphism is unique. Hence ι † = ι • θ, and hence Γ
5 A comparison of P 1,3 and BP 1,3 with SQ 1,3 × P
2
In this section, in order to compare P 1,3 and BP 1,3 with SQ 1,3 × P(V ), we construct natural morphisms from blowing-ups of SQ 1,3 × P(V ) to BP 1,3 and P 1,3 , respectively, where P(V ) ≃ P 2 is the space of lines on P 2 (see Section 2) and SQ 1,3 ≃ P 1 is the moduli of Hesse cubics defined in [Na99] , which is wellknown classically as the modular curve of level three. In addition, we will see a relation between the birational map f in Theorem 4.2 and these two morphisms. Note that the universal Hesse cubic over SQ 1,3 is given by
Remark 5.1. In this paper, we consider the moduli SQ 1,3 over an algebraically closed field k with ch(k) = 2, 3. However in [Na99] , I. Nakamura considers the moduli spaces over Z[ζ 3 , 1/3], where ζ 3 is a primitive third root of unity.
Let X = SQ 1,3 × P(V ) ≃ P 1 × P 2 . We define rational maps ϕ : X → BP 1,3 and ψ : X → P 1,3 forgetting the level structure, that is,
Lemma 5.2. For each ℓ ∈ Z, let [ℓ] = ℓ mod 3 ∈ {0, 1, 2}. Then we have following properties.
(i) The base locus of ϕ is a union of four 3-gons
where a = 0 or a 3 = 1, and b
(ii) The base locus of ψ is a union of above four 3-gons B (a) and nine lines
and 0 ≤ i ≤ 2). Then each line A (j) i passes through only four vertexes [Do12] ). Then the action of PGL(3) on P(S 3 V ) defined in Section 2 induces an action of G 216 on SQ 1,3 given by
Then for any point µ = (µ 0 : µ 1 ) ∈ SQ 1,3 , the orbit consists of the following 12 points:
On the other hand, the stabilizer subgroup G µ ⊂ G 216 is generated by 
Hence in general, for any pair (C, L) given by (4), ϕ −1 (C, L) and ψ −1 (C, L) consist of the following 216 points, respectively:
where α 3 = β 3 = γ 3 = δ 3 = 1 and {i, j, k} = {0, 1, 2}. Therefore ϕ and ψ are generically finite of degree 216.
In the rest of this section, we will construct explicitly morphisms π :X → X and p :X →X as compositions of blowing-ups, and construct morphisms ϕ :X → BP 1,3 andψ :X → P 1,3 such thatφ andψ are extensions of ϕ and ψ respectively. Meanwhile, we will prove the following Proposition:
Proposition 5.3. We have a commutative diagram
, f is the birational in Theorem 4.2, and π and p are compositions of blowing-ups with nonsingular (reducible) centers, respectively. Then we have the following properties:
(i) Morphismsφ andψ are extensions of ϕ and ψ respectively. In particular, they are generically finite of degree 216.
(ii) The base locus of f (resp. f −1 ) is W Cusp ≃ P 1 (resp. W T ≃ P 1 ), and
=Ê, whereÃ (resp.Ê) is the center (resp. the exceptional set) of p :X →X.
Constructions of morphisms π andφ
We construct π :X → X andφ :X → BP 1,3 in Steps 1-4.
Step 1. We take an affine open covering of X consisting of 15 affine subsets U (a,i) (a = 0, ∞ or a 3 = 1, and 0 ≤ i ≤ 2) such that ϕ is well-defined on each ∞,i) , and the base locus of ϕ on each U (a,i) (a = ∞) is a union of two axes. In fact, we define U (a,i) as follows: For a = 0, ∞ or a 3 = 1, we put
where [ℓ] = ℓ mod 3 ∈ {0, 1, 2}. Note that when a = ∞, the origin of
By Lemma 5.2, (i), ϕ is well-defined on U ∞ := 
[i+2],i and V u (a) , s
[i+1],i .
Step 2. We blow up each U (a,i) (a = ∞) along the base locus of ϕ. We give a construction in detail in the case of U (0,0) , since other cases are similar. For simplicity, we put (u, s 1 , s 2 ) = u (0) , s
1,0 , s
2,0 and
2) be the s j -axis, that is, L 1 = V (u, s 2 ) and L 2 = V (u, s 1 ). We blow up U as follows:
where the symbol B Z (Y ) means the blowing-up of Y along Z. We denote by π the composition of blowing-ups π 1 , π 2 and π 3 . Then centers Z 1 , Z 2 and Z 3 are defined as follows:
• Z 2 is a disjoint union of 2 lines which are proper transformsL j (j = 1, 2) of L j under the blowing-up π 1 , and 
2 ) as the s 1 (resp. s 2 )-axis in (6) (resp. (5)). ThenŨ = B Z3 B Z2 B Z1 (U ) has an affine open covering consisting of 7 affine open subsets defined by
where for each j ∈ {1, . . . , 7}, we denote by v
2 the above coordinates of U j , and u j is given by
Step 3. We define a morphismφ fromŨ to BP 1,3 such thatφ is an extension of ϕ. For it, we define morphismsφ j from U j to BP 1,3 , respectively, and we glue these morphisms. Let
for each j ∈ {1, . . . , 7}, where
(j = 6, 7).
Then we defineφ j formally as follows:
(j = 4, 5, 6, 7),
(j = 2, 3, 4, 5),
By simple calculations, we can see them specifically as follows:
) is given by replacing x 1 with x 2 , and v
2 ). In fact, we obtain same pairs in BP 1,3 under the transformation x 1 → −x 1 .
We can show that the pairs in Proposition 5.4 are contained in BP 1,3 . Here we only consider in the case that j = 4. The other cases can be checked by same arguments. If v (4) 1 = 0, then C (4) is a 3-gon V (x 0 x 1 x 2 ) and its singularities = 1 by the definition of U 4 and (7). Thus C (4) is a nonsingular cubic curve, and hence C (4) , L (4) ∈ BP 1,3 .
Proposition 5.5. For any j, j ′ ∈ {1, . . . , 7}, we have thatφ j =φ j ′ on U j ∩U j ′ , andφ j = ϕ • π on U j \Ẽ, whereẼ is the exceptional set of π. In particular, there exists a morphismφ :Ũ → BP 1,3 such that ϕ • π =φ onŨ \Ẽ.
. For each j, we can check easily that M j has nonzero determinant on
. Hence on U j \Ẽ, we have that Therefore we obtainφ j = ϕ • π on U j \Ẽ (1 ≤ j ≤ 7). In particular, we obtaiñ ϕ j =φ j ′ on (U j ∩ U j ′ ) \Ẽ for any j and j ′ . On the other hand, for any j and j ′ , we can check easily thatφ j =φ j ′ on U j ∩ U j ′ ∩Ẽ. For example, when j = 1 and j ′ = 2, the intersection U 1 ∩ U 2 ∩Ẽ is identified with
1 , v in BP 1,3 , and hence we obtainφ 1 =φ 2 on U 1 ∩ U 2 ∩Ẽ. Similarly, for the other pairs (j, j ′ ), we can prove thatφ j =φ j ′ on U j ∩ U j ′ ∩Ẽ. Hence we obtainφ j =φ j ′ on U j ∩ U j ′ .
Step 4. We construct morphisms π :X → X andφ :X → BP 1,3 such that π is a composition of blowing-ups andφ is an extension of ϕ. Similarly to Steps 2-3, for each affine open subset U (a,i) of X (a = 0 or a 3 = 1, and 0 ≤ i ≤ 2), we can construct explicitly a morphism π In what follows, we denote by w 
1 , w
2 the above coordinates of V r .
Step 3. We define explicitly a morphismψ fromV to P 1,3 such thatψ is an extension ofψ. For it, we define morphismsψ r from V r to P 1,3 , respectively, and we glue these morphisms. For each r ∈ {1, . . . , 4}, let we have that
C
(1) : w Note that C (1) , L (1) and C (3) , L (3) (resp. C (2) , L (2) and C (4) , L (4) ) are independent of choices of a square root and a cubic root of w (r) 1 (resp. w
2 ). In fact, when r = 1 or 2 (resp. r = 3 or 4), we have same semistable pairs in P 1,3 under the transformation x 2 → βx 2 , β 3 = 1 (resp. x 1 → −x 1 ). We can show that each pair C (r) , L (r) is samistable. Here we only consider in the case that r = 3. The other cases can be checked by same arguments. If w By definition, we have w 
1 , w ∈Ĉ. By construction, we have V 3 ∩Ĉ = ∅.
Hence L (3) is not a 3-tangent to C (3) . Thus C (3) , L (3) is a semistable pair. By similar arguments in the proof of Proposition 5.5, we can prove the following Proposition:
